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1. (Exercise 2-5.14 of [Carl6]) The gradient of a differentiable function f : S — R is
a differentiable map grad(f) : S — R? which assigns to each point p € S a vector

grad(f), € T,S so that for all v € T,S, Fieder WiQ =0cX, ($ > for

arad(f), - v = df, (v >“‘““*’Z°‘ Cﬁm &g&vb&m
- C

(a) Express grad(f) in terms of the coefﬁments of the first fundamental form and

the partial derivatives of f on the local parameterisation X : U — S at p € .
X(U). m&mg
( ) Let p € S and grad(f), # 0. Show that v € T),S with |v| = 1 satisfies s

Oﬁg A &{3 (y) ) = maxld ) s u € T(S).ul = 1} 0('(; |

T grad(f),

|grad(f),|
variation of f at p.)

if and only if o= (Thus, grad(f), gives the direction of mazimum

2. (Exercise 2-5.11 of [Carl6]) Let S be a surface of revoluion and C' its generating
curve. Let s be the arc length of C' and denote p(s) to be the distance to the rotation
axis of the point of C' corresponding to s.

(a) (Pappus’ Theorem) Show that the area of S is
‘
2 / p(s)ds
0

(b) Apply part (a) to compute the area of a torus of revolution.

where ¢ is the length of C'.

3. (Exercise 2-6.1 of [Carl6]) Let S be a regular surface covered by coordinate neigh-
borhoods Vi and V5. Assume that Vi N V5 has two connected components, Wy, Wa,
and that the Jacobian of the change of coordinates is positive in W, and negative
in Ws5. Prove that S is non-orientable.
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1. (Exercise 2-5.14 of [Carl6]) The gradient of a differentiable function f : S — R is
a differentiable map grad(f) : S — R? which assigns to each point p € S a vector
grad(f), € 1,5 so that for all v € T,,5,

grad(f), - v = df,(v).

(a) Express grad(f) in terms of the coefficients of the first fundamental form and

the partial derivatives of f on the local parameterisation X : U — S at p €
X(U).

(b) Let p € S and grad(f), # 0. Show that v € T,,S with |v| = 1 satisfies
dfp(v) = max{df,(u) : u € T,,(5), [u| = 1}

grad(f)p

|grad(f),|
variation of f at p.)

T < wemﬂmuz = oY, + FY,_ fooe ek

if and only if v = (Thus, grad(f), gives the direction of mazimum
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2. (Exercise 2-5.11 of [Carl6]) Let S be a surface of revoluion and C' its generating
curve. Let s be the arc length of C' and denote p(s) to be the distance to the rotation
axis of the point of C' corresponding to s.

(a) (Pappus’ Theorem) Show that the area of S is
‘
2 / p(s)ds
0

(b) Apply part (a) to compute the area of a torus of revolution.
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where ¢ is the length of C.




0) o atoms o oo ¥ty o il Qutaed ek (2,0) it

(o >0

A= o,



MATH4030 Differential Geometry 4

3. (Exercise 2-6.1 of [Carl6]) Let S be a regular surface covered by coordinate neigh-
borhoods V; and V5. Assume that V; N Vg has two connected components, Wy, Wy,

and that the Jacobian of the hg of coordinates is positive in W; and negative
n Ws. Prove that S is entable.
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