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1. (Exercise 2-5.14 of [Car16]) The gradient of a di↵erentiable function f : S ! R is
a di↵erentiable map grad(f) : S ! R3 which assigns to each point p 2 S a vector
grad(f)p 2 TpS so that for all v 2 TpS,

grad(f)p · v = dfp(v).

(a) Express grad(f) in terms of the coe�cients of the first fundamental form and
the partial derivatives of f on the local parameterisation X : U ! S at p 2
X(U).

(b) Let p 2 S and grad(f)p 6= 0. Show that v 2 TpS with |v| = 1 satisfies

dfp(v) = max{dfp(u) : u 2 Tp(S), |u| = 1}

if and only if v =
grad(f)p
|grad(f)p|

. (Thus, grad(f)p gives the direction of maximum

variation of f at p.)

2. (Exercise 2-5.11 of [Car16]) Let S be a surface of revoluion and C its generating
curve. Let s be the arc length of C and denote ⇢(s) to be the distance to the rotation
axis of the point of C corresponding to s.

(a) (Pappus’ Theorem) Show that the area of S is

2⇡

Z `

0

⇢(s)ds

where ` is the length of C.

(b) Apply part (a) to compute the area of a torus of revolution.

3. (Exercise 2-6.1 of [Car16]) Let S be a regular surface covered by coordinate neigh-
borhoods V1 and V2. Assume that V1 \ V2 has two connected components, W1,W2,
and that the Jacobian of the change of coordinates is positive in W1 and negative
in W2. Prove that S is non-orientable.

Hint : write gradfp = &X +BX2 for
some <

,BER. Then substitute
EX, X2 here toset up a

system
of equationstit( tosalvefor

applyCauchy-schea
a

,B .
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sp
We wite gradp =X +BX for see a

,peR .

We havefor= X1
,

B grad (flp - X ,
= dfp(X) = - ,

where fitu
I

(Y,+BXz) - X,
I

xgn +

Bgz
So we have ag +

pym
=

] (g) = (2) (*)Substituty v=Xz
, get

agin t Bgon
= E.

Solving .(*)
,

we get Note : if we choose

() = guan-gi (9-g) gij
= fi (Euclidea

it

gradif(p = f gy +E



b) By Candy-Schwarz ,
we have

dfp(r) = grad (f)p-
< /grad(f)p - VI,
< Igrad(f)p).

"

= /grad (Elp) .

Whenwisa unit vector.

So maximum is attained it) val grad (flp are linearly dependent,
it

.
V= Agrad(f)p for some XER.

vis a unit nector
,

so x= Fep/



MATH4030 Di↵erential Geometry 3

2. (Exercise 2-5.11 of [Car16]) Let S be a surface of revoluion and C its generating
curve. Let s be the arc length of C and denote ⇢(s) to be the distance to the rotation
axis of the point of C corresponding to s.

(a) (Pappus’ Theorem) Show that the area of S is

2⇡

Z `

0

⇢(s)ds

where ` is the length of C.

(b) Apply part (a) to compute the area of a torus of revolution.

Sin : Whog, cantake &to
be in the xz-plane and Axis

of rotation to be the z-axis.
We write curve C tobea(s) =(f(s) , g(s)
wheres i arelength.9 by
X(0 , s) = (f(s)cs7 , f(s) sint , g(s)

Y In am Setup p(s) = (f(s))-
Yo = (-f(s) sinc ,

f(s) cost
,0

Xs = (f'(s) cost , f'(s) sint , g(s)).

so
gos

= (fils),(St+ g(s))
i by arclength (1x(s)/= 1).

So Aftgosdads=dods

l
= zufPf()Ids = 2) plsids-



b) For atores of revolution rotating a circle centred at (a,8) with
radius r>o

A : 4tra,
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3. (Exercise 2-6.1 of [Car16]) Let S be a regular surface covered by coordinate neigh-
borhoods V1 and V2. Assume that V1 \ V2 has two connected components, W1,W2,
and that the Jacobian of the change of coordinates is positive in W1 and negative
in W2. Prove that S is non-orientable.

S Sps for the sale of contradiction that
Sis orientable · Then by Lemma3 .17

of Lecture notes ,
there is a smooth global

choice ofuit normal N : St R.↳mi for p
= X (us),
(n

,vo) eU.
S.
t . X(U) = V

.

STSH
, N(p)

=I for p=X(u,to),
(to,)Eit end

But for peWz,
we here Y(n) -> Ve .

N(p) = (*aXYv)
- - M sign
(YxXv)(p))

-=
a contradiction/


